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Quantum physics with trapped ions

A single trapped ion:     Realization of a quantum harmonic oscillator

Motional degrees of freedom

A single trapped ion:     Realization of a quantum bit

Internal degrees of freedom

Strings of trapped ion:  Entangled quantum bits



In the first place it is fair to state that we are not 
experimenting with single particles, anymore than
we can raise Ichtyosauria in the zoo.

..., this is the obvious way of registering the fact,
that we never experiment with just one electron or
atom or (small) molecule. In thought-experiments
we sometimes assume that we do; this envariably
entails ridiculous consequences.

British Journal of the Philosophy of Science III (10), (1952)

1952: Experiments with single atoms ?

E. Schrödinger



1953: Invention of the Paul trap

W. Paul



1978: Observation of single trapped ions

W. Neuhauser et al., PRL 41, 233 (1978), PRA (1980)



P1/2

S1/2

Detector:

105 photons / s

• CCD camera

• photomultiplier

Fluorescence detection

Atomic level scheme 40Ca+

397 nm



729 nm

Detection of single absorption/emission events

P1/2

S1/2

D5/2

40Ca+

Experiments: Dehmelt, Toschek, Blatt, Wineland (1986)

Quantum jumps of a single ion

397 nm



Ion storage time: days
Isolation from environment
Near-unit quantum state
detection
Excellent quantum control

Quantum jumps of a single ion(1986)

Quantum physics with a single trapped ion

Nonclassical properties of light (1987)

Laser cooling to ground state (1989)

Single-ion frequency standard (1989)



Quantum physics with a single trapped ion

Traps in UHV systems Isolation + long storage times

Narrow-band lasers Laser cooling

Photomultipliers Efficient quantum state detection

Single-ion optical clocks

Quantum optics: a single ion interacting with single photons

Tests of quantum physics

Important tools: 

Areas of physics: 

→   Alastair Sinclair’s lectures



Boulder, USA: Hg+

Aarhus, Denmark: 
40Ca+ (red) and 24Mg+ (blue)

Innsbruck, Austria: 40Ca+ 

At low temperatures:

Equibrium positions determined
by trapping forces and mutual 

Coulomb repulsion

Quantum physics with ion strings

Ion crystals



At low temperatures:

Equibrium positions determined
by trapping forces and mutual 

Coulomb repulsion

Quantum physics with ion strings

Ion crystals



Quantum physics and information processing



Bit: Quantum bit:

Classical vs. quantum information processing

Physical system with two
distinct states 0 or 1

Two-level quantum system with state

Quantum logic gate
Unitary transformation

single qubit gate

two-qubit gate

Logic gates
Boolean logic operation

Quantum logic circuit

measurementinitialization



Trapped ions for quantum information processing

Ion string

State detection

Single qubit gates

5 μm

Qubit register



Trapped ions for quantum information processing

Ion string

State detection

Single qubit gates Entangling gates

5 μm

Qubit register



Ion crystals: length scales

d ~ 5 μm

Trap frequencies:

Length scales ion
localisation

z0

ion
distance

laser
wavelength

d λ> >> >>

Bohr 
radius

a0
10 nm 50 pm5 μm 700 nm

λ ~ 700 nm

focused laser beam

individual addressing, spatially resolved fluorescence



Ion crystals: length scales

d ~ 5 μm

Trap frequencies:

Length scales ion
localisation

z0

ion
distance

laser
wavelength

d λ> >> >>

Bohr 
radius

a0
10 nm 50 pm5 μm 700 nm

λ ~ 700 nm

focused laser beam

individual addressing, spatially resolved fluorescence

coupling internal and motional states by laser takes on simple form



no direct state-dependent interactions between ions

Ion crystals: length scales

d ~ 5 μm

Trap frequencies:

Length scales ion
localisation

z0

ion
distance

laser
wavelength

d λ> >> >>

Bohr 
radius

a0
10 nm 50 pm5 μm 700 nm

λ ~ 700 nm

focused laser beam

individual addressing, spatially resolved fluorescence

coupling internal and motional states by laser takes on simple form



breathing
mode

centre-of-mass
mode

Vibrational modes

Ion crystals: length scales

d ~ 5 μm

Trap frequencies:

Length scales ion
localisation

z0

ion
distance

laser
wavelength

d λ> >> >>

Bohr 
radius

a0
10 nm 50 pm5 μm 700 nm

λ ~ 700 nm

focused laser beam



Experimental setup



Experimental setup



Linear ion trap

Linear ion trap Harmonic trapping
potential in the centre

Anisotropic potential with

linear chain of ions5 μm

z

(≈ 1-5 MHz)



based on  Alastair’s lectures:

more emphasis on coherent atom-light interactions

more ions: 2,3,4,… 

Theory of ion traps, laser cooling, two-level atoms, 
coupling of internal and vibrational states by laser light

Encoding of quantum information in trapped ions

Manipulation and measurement of quantum information

Creation of entanglement

Quantum gate operations

Analysis of multi-qubit states

Elements of quantum computing with trapped ions

Quantum simulation with trapped ions

Entanglement for metrological applications

Lecture plan:

Quantum physics with ion strings

today



Trapped-ion quantum bits

Encoding, manipulation and measurement



Be

Mg

Sr

Ba

Yb

Ca

Hg

Zn

Cd

Singly-charged ions appropriate for 
quantum information processing



Ions with optical transition to metastable level: 40Ca+,88Sr+,172Yb+

Ions with hyperfine structure: 9Be+, 25Mg+, 43Ca+,111Cd+,171Yb+… 

qubit manipulation requires
ultrastable laser

P1/2 D5/2

τ =1s

S1/2

40Ca+

P1/2

S1/2

D5/2

Doppler
cooling Sideband

cooling

metastable

Trapped ion quantum bits  

optical
transition

stable

„optical qubit“

hyperfine
ground states

detection

detection

„hyperfine qubit“

qubit manipulation with
microwaves or lasers (Raman transitions)



Qubit manipulation and measurement

P1/2

S1/2

D5/2

40Ca+

Quantum
bit 

Quantum state
manipulation

Quantum state
detection



Experimental sequence

1. Initialization in a pure quantum stateP1/2 D5/2

t =1s

S1/2

40Ca+

P1/2

S1/2

D5/2



Experimental sequence

1. Initialization in a pure quantum state

2. Quantum state manipulation on
S1/2 – D5/2 transition      

P1/2 D5/2

t =1s

S1/2

40Ca+

P1/2

S1/2

D5/2
P1/2

S1/2

D5/2

Quantum state
manipulation



Experimental sequence

1. Initialization in a pure quantum state

3. Quantum state measurement
by fluorescence detection

2. Quantum state manipulation on
S1/2 – D5/2 transition      

P1/2 D5/2

t =1s

S1/2

40Ca+

P1/2

S1/2

D5/2
P1/2

S1/2

D5/2

Quantum state
manipulation

P1/2

S1/2

D5/2

Fluorescence
detection

50 experiments / s

Repeat experiments
100-200 times

5µm

Spatially resolved
detection with
CCD camera:

Two ions:



Ion-laser interaction

Resonant coherent excitation: 

Rabi oscillations

laser pulse

Time
0 t



Qubit superposition states

Schrödinger picture:

Phase evolution: for optical qubits ω0 ~ 1015 s-1

Interaction picture:

independent of time

The phase φ of the superposition compares two oscillatory phenomena:

Evolution of the Bloch vector in time

Evolution of the electromagnetic field of the laser exciting the qubit



Ramsey spectroscopy for phase estimation

Two-pulse excitation: π/2 π/2T

τ τ

detection

Time

wait



Resonant excitation in Bloch sphere picture

Bloch sphere
representation

x

y

z

Example: 

Laser
phase

Time evolution operator:

For

~ Laser
intensity
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Qubit manipulation

Resonant excitation

or

Off-resonant excitation

ac-Stark shifts shift qubit
transition frequency

Arbitrary Bloch sphere rotations can be synthesized by a combination of laser pulses.



Laser setup for manipulating the qubit
Ti:Sa laser @ 729nm

Fabry-Perot resonator
finesse F = 400000, 
line width ≈ 5kHz

A
O

M

radio frequency
generator

feedback on laser frequency

AOM

radio frequency
generator

tune laser frequency
into resonance

with resonator frequency

switch laser on/off
intensity control
frequency control

Trapped ion

feedback to correct for resonator drift

drift rate ≈ 0.2 Hz/s



CCD

Paul trap

Fluorescence
detection 

electro-optic 
deflector

coherent
manipulation 
of qubits

dichroic
beamsplitter

inter ion distance: ~ 4 µm

addressing waist: ~ 2 µm

< 0.1% intensity on neighbouring ions
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Addressing of individual ions with a focussed laser beam



Measuring qubits

P1/2

S1/2

Quantum
bit Quantum state

measurement

40Ca+

detection errors ~ 0.1%



Measurement of
Unitary transformation +

fluorescence measurements
π/2 -pulse

Fluorescence measurements:

Further quantum measurements

Measurement of



Coupling internal and vibrational degrees of freedom

Quantum bit

motional states internal states

Harmonic oscillator



qubit manipulation
…

Trapped-ion laser interactions
E

xc
ita

tio
n

Laser detuning Δ (MHz)

red
sideband

blue
sideband

0

1

carrier
transition



qubit manipulation
…

Trapped-ion laser interactions

…

qubit-motion coupling



qubit manipulation
…

Trapped-ion laser interactions

…

qubit-motion coupling



Sideband excitation

Red sideband:

‘Jaynes-Cummings-Hamiltonian’

Blue sideband:

‘anti-Jaynes-Cummings-Hamiltonian’

• Coupling strength dependent on n

• Coupling strength dependent on n



Coherent excitation on the sideband

„Blue sideband“ pulses:

upper state population

…

Entanglement between internal and motional state !



Entangling a pair of trapped ions
+

detecting the entanglement



Generation of Bell states

Pulse sequence:

…

… …

…

Two-ion energy levels

Ion Pulse length Transition



Generation of Bell states

Pulse sequence:

…

… …

…
Ion Pulse length Transition
1 π/2 blue sideband



Generation of Bell states

Pulse sequence:

…

… …

…
Ion Pulse length Transition
1 π/2 blue sideband
2 π carrier



Generation of Bell states

Pulse sequence:

…

… …

…
Ion Pulse length Transition
1 π/2 blue sideband
2 π carrier
2 π blue sideband



Measuring the entangled state

We hope to create the state

There are no pure states in experimental physics!

The state created in the experiment has to be described by a density matrix .

How can we analyze the state we created?

Fluorescence
detection with
CCD camera:

Coherent superposition or incoherent mixture ?

What is the relative phase of the superposition ? 



Measuring the entangled state

Measure how close is to by measuring the fidelity
Option 1:

Option 2:

Carry out measurements that allow to completely determine

Quantum state tomography

We hope to create the state

There are no pure states in experimental physics!

The state created in the experiment has to be described by a density matrix .

How can we analyze the state we created?



Reconstruction of the density matrix

Representation of  ρ as a sum of orthogonal observables Ai :

 ρ is completely detemined by the expectation values <Ai> :

For a two-ion system :

Joint measurements of all spin components



Measurement of spin expectation values

Fluorescence measurement

!

π/2 -pulse



Bell state analysis

!

prepare Bell state 
no rotation
measure

prepare Bell state
ion #1, y - rotation
ion #2, identity
measure

prepare Bell state
ion #1, x - rotation
ion #2, x - rotation
measure

9 different 
settings

200 repetitions

200 repetitions

200 repetitions

Measurement time:
40 s



Example: Tomography of a qubit

z

The experimental procedure prepares the state

Bloch
sphere

The experimental procedure prepares the state

x

sphere

R i b i i fReconstruction by estimation of
using a finite number of copies of the state:

might not be within the Bloch sphere ! DISASTER !!!



Maximum likelihood estimation

Maximum likelihood estimation:

… not necessarily:

(Hradil ’97, Banaszek ’99)

with a finite number of measurements, we can only
estimate expectation values



Entanglement of formation: 

Bell state reconstruction with maximum likelihood estimation

SS
SD

DS
DD SSSDDSDD

SS
SD

DS
DD SSSDDSDD

State fidelity: 

Violation of a Bell inequality:



Ion 2,3:   π ,       carrier

Pulse sequence:
… …

…

Generation of multi-qubit entangled states: W-states



Ion 1: θ1  , blue sideband

Ion 2,3:   π ,       carrier

Pulse sequence:
…

… …

…

1.

Generation of multi-qubit entangled states: W-states



Ion 1: θ1  , blue sideband

Ion 2,3:   π ,       carrier

Ion 2: θ2 , blue sideband

Pulse sequence:
…

… …

1. 2.

Generation of multi-qubit entangled states: W-states



Ion 1: θ1  , blue sideband

Ion 2,3:   π ,       carrier

Ion 2: θ2 , blue sideband

Pulse sequence:
…

… …
Ion 3: θ3 , blue sideband

1. 2. 3.

Generation of multi-qubit entangled states: W-states



Ideal 3-ion 
density matrix

W – state: |SDD> + |DSD> + |DDS>



Reconstructed W – state: experiment and theory

experimental result theoretical expectation

Fidelity: 85 %

C. F. Roos et al., Science 304,  1478 (2004)



F = 85%

More ions: Four-ion W-states



F = 78%

Five-ion W-states



729 settings, measurement time: 40 minutes

F = 79%

Six-ion W-states



2187 settings, measurement time: 2 hours

F = 76%

Seven-ion W-states



6561 settings, measurement time: 10 hours

F = 72%

Eight-ion W-states

H. Häffner et al., Nature 438,  643 (2005)
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